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Executive Summary

This was the result of a consultation in a court case involving 
accusations of cheating on a 100 question professional 
multiple choice exam with 4 choices for each question. As 
the prosecution utilized a witness who was an expert in 
statistical analysis, one of the authors was engaged by the 
defense to conduct an independent statistical analysis of the 
exam scores. The prosecution’s witness utilized a simulation 
to demonstrate, in his opinion, the relative certainty of 
cheating. The authors performed their own analyses, 
including simulations to counter the testimony of the 
prosecution. Crystal Ball was utilized for the simulations.
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Excerpts from Letter of Engagement

‘“Jane Doe” is a police Sergeant, who took the 1996 Sergeant’s 
exam.  Chief “Tom Smith”, in certain Grand Jury testimony and 
other statements that he made, indicated that he had given “Jane 
Doe” the source data for the 1996 Sergeant’s exam.  Chief “Tom 
Smith”,  who was the Chief of Police at that time and has now been 
retired under questionable circumstances, also stated that he did 
so at the request of two individuals and that the Personnel Director 
was present at the time the request was made.  All of these people 
have testified that this is absolutely false and that no one ever 
asked Chief “Smith” to give “Jane Doe” any test information.  “Jane 
Doe” has also denied receiving the information.  The Police 
Department appears to be making an effort to establish, through 
some statistical analysis, that there is a great likelihood that she 
cheated on the 1996 Sergeant’s exam.’
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Scenario

Two individuals, now married, both received 93 out of 100 
questions correct on a multiple choice examination, with 4 
choices per question.  They both missed the same 5 
questions with the same choice of answers.  They each 
missed 2 different questions.  The exam was carefully 
proctored at a local community college and the chance of 
cheating onsite was practically nonexistent.  The prosecution 
claimed that these 2 individuals had been given source 
materials.  These source materials did not include questions 
or answers but rather the sections of the code from which 
the questions were selected.
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Prosecution’s Expert Statistical Witness

Their expert witness testified that the probability of another 
test taker, under the hypothesis of no advance information, 
receiving 93 with 5 or more matching wrong answers with 
the same choices as “John Doe” was only 14 in 100,000 or 
.00014. He determined this probability by simulating the 
taking of this exam 100,000 times by the 64 exam takers 
using weights to match their likelihood of responding to each 
question with a certain choice. His conclusion was that this 
exam would have to be administered 7,000 times to see this 
kind of match.  Since “Jane” had this kind of match with 
“John”, he concluded that there was practically certain 
evidence of cheating.
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Our Computer Simulation

Not knowing what approach would be taken by their expert 
witness, I, with the help of my co-authors, had 
independently undertaken simulations of my own.  I also 
analyzed the class of students taking the exam and used the 
frequency with which they responded to the choices for each 
question to simulate the class retaking the exam thousands 
of times. 

Frequency Chart

Certainty is 90.60% from 4.90 to +Infinity
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1.48 4.41 7.34 10.27 13.20

10,000 Trials    9,917 Displayed

Forecast: no. of incorrect exact matches

There was over a 90% chance of at least five or more matches 
on exact wrong answers by test takers on this exam.  This is a 
very common event.
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Computer Simulation (Continued)

We ran a simulation, in which we replicated 10,000 exams of these 64 test takers, 
again utilizing the actual relative frequencies with which each choice was made on 
each question.  Although we believe that it is improper to select the individual 
accused of cheating for comparison with all of the other simulated students, we 
wanted to replicate their results.  Therefore, against our better judgment, we kept 
the defendant’s scores as a constant and ran a simulation in which we examined the 
number of exact wrong answers that became matches with his 7 wrong problems.  
In fact, after 10,000 runs, we found that approximately 10% of the class achieved 
at least 5 of the same wrong answers as the defendant.

Frequency Chart

Certainty is 9.16% from 4.99 to +Infinity
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0.46 1.80 3.14 4.48 5.82

10,000 Trials    9,905 Displayed

Forecast: no. of incorrect
Actual data from all students Cumulative frequencies are calculated simulation John

question A B C D A B C D Rand*64 Rand*64 OUTPUT Doe Key errors<>0 errors<>0
1 1 0 8 55 1 1 9 64 53.41744 22.240907 4 4 4 0 0  
2 1 11 52 0 1 12 64 64 29.53601 42.4277 3 3 3 0 0  
3 51 0 12 1 51 51 63 64 61.42583 46.867023 3 1 1 2 0 2
4 42 1 18 3 42 43 61 64 6.899739 51.617712 1 1 1 0 0  
5 1 1 23 39 1 2 25 64 30.75541 0.6582619 4 4 4 0 0  
6 44 0 9 11 44 44 53 64 27.67954 31.336702 1 3 1 0 2  
7 30 22 6 6 30 52 58 64 13.76125 24.47839 1 1 1 0 0  
8 5 1 1 57 5 6 7 64 39.41999 36.430242 4 4 4 0 0  
9 7 4 0 53 7 11 11 64 8.028727 43.995397 2 4 4 -2 0 -2

10 3 28 5 28 3 31 36 64 26.74723 3.4654915 2 2 2 0 0  
11 0 55 8 1 0 55 63 64 23.69092 5.6917799 2 2 2 0 0  
12 0 9 38 17 0 9 47 64 63.56463 6.7746221 4 3 3 1 0 1
13 12 0 0 52 12 12 12 64 60.64931 23.797135 4 4 4 0 0  
14 61 1 0 2 61 62 62 64 43.22421 40.824068 1 1 1 0 0  
15 39 2 1 22 39 41 42 64 22.00837 18.604041 1 4 4 -3 0 -3
16 55 0 0 9 55 55 55 64 52.70123 41.711175 1 1 1 0 0  
17 0 8 56 0 0 8 64 64 36.98631 32.552724 3 3 3 0 0  
18 1 31 3 29 1 32 35 64 15.25894 19.648936 2 2 2 0 0  
19 0 23 34 7 0 23 57 64 44.72257 11.766422 3 3 3 0 0  
20 29 22 0 13 29 51 51 64 2.281509 27.804836 1 1 1 0 0  
21 35 0 1 28 35 35 36 64 22.13576 62.323067 1 1 1 0 0  
22 5 7 50 2 5 12 62 64 19.91582 5.7704428 3 3 3 0 0  
23 10 1 2 51 10 11 13 64 30.15311 38.232958 4 4 4 0 0  
24 64 0 0 0 64 64 64 64 25.56372 25.283872 1 1 1 0 0  
25 1 26 32 5 1 27 59 64 16.1194 5.9243239 2 3 3 -1 0 -1
26 0 0 4 60 0 0 4 64 31.65578 15.85011 4 4 4 0 0  
27 35 0 0 29 35 35 35 64 40.25045 5.9143745 4 4 1 3 3 0
28 5 0 0 59 5 5 5 64 28.1496 38.267003 4 4 4 0 0  
29 0 0 0 64 0 0 0 64 56.21466 63.000985 4 4 4 0 0  
30 1 0 56 7 1 1 57 64 38.87197 45.587843 3 3 3 0 0  
31 41 5 15 3 41 46 61 64 13.73725 1.2875978 1 1 1 0 0  
32 1 44 6 13 1 45 51 64 13.38313 29.336686 2 2 2 0 0  
33 2 58 0 4 2 60 60 64 16.74299 50.687815 2 2 2 0 0  
34 0 0 0 64 0 0 0 64 43.82575 2.4461504 4 4 4 0 0  
35 1 0 1 62 1 1 2 64 34.02858 18.863058 4 4 4 0 0  
36 0 1 0 63 0 1 1 64 36.34986 59.100503 4 4 4 0 0  
37 8 52 3 1 8 60 63 64 39.78683 54.396245 2 2 2 0 0  
38 14 24 12 14 14 38 50 64 32.1012 47.424148 2 4 4 -2 0 -2
39 0 24 40 0 0 24 64 64 3.276158 54.927632 2 3 3 -1 0 -1
40 46 0 18 0 46 46 64 64 14.62149 13.479732 1 1 1 0 0  
41 0 9 55 0 0 9 64 64 0.241094 48.920343 2 3 3 -1 0 -1
42 1 0 0 62 1 1 1 63 18.65146 58.147125 4 4 4 0 0  
43 58 3 2 0 58 61 63 63 20.01356 51.40412 1 1 1 0 0  
44 8 1 45 10 8 9 54 64 57.71914 26.791 4 3 3 1 0 1
45 0 51 7 6 0 51 58 64 48.92263 4.3558816 2 2 2 0 0  
46 1 63 0 0 1 64 64 64 7.016449 63.227352 2 2 2 0 0  
47 17 7 0 39 17 24 24 63 60.00059 14.32807 4 4 4 0 0  
48 45 2 5 12 45 47 52 64 47.52025 23.273361 3 1 1 2 0 2
49 10 1 3 50 10 11 14 64 51.17445 8.5905698 4 4 4 0 0  
50 62 0 0 2 62 62 62 64 56.37474 28.693321 1 1 3 -2 -2 0
51 1 10 29 24 1 11 40 64 43.07585 41.113437 4 4 3 1 1 0
52 4 0 13 47 4 4 17 64 23.93595 4.7432206 4 4 3 1 1 0
53 2 0 52 10 2 2 54 64 56.60795 24.747987 4 3 3 1 0 1
54 3 3 1 57 3 6 7 64 63.87695 0.7781845 4 4 4 0 0  
55 10 6 30 18 10 16 46 64 0.233162 42.812744 1 3 3 -2 0 -2
56 13 43 1 7 13 56 57 64 2.14378 45.148239 1 2 2 -1 0 -1
57 12 0 52 0 12 12 64 64 61.58413 30.326252 3 3 3 0 0  
58 18 17 7 22 18 35 42 64 57.11447 30.013105 4 4 4 0 0  
59 5 58 0 1 5 63 63 64 9.864222 1.6016889 2 2 2 0 0  
60 0 0 8 56 0 0 8 64 40.63427 58.694045 4 4 4 0 0  
61 8 2 2 52 8 10 12 64 27.49964 15.550244 4 4 4 0 0  
62 3 11 16 34 3 14 30 64 36.79619 37.239352 4 4 4 0 0  
63 14 50 0 0 14 64 64 64 44.29615 45.027975 2 2 2 0 0  
64 3 18 29 14 3 21 50 64 23.13226 4.6790052 3 3 3 0 0  
65 0 0 64 0 0 0 64 64 15.5416 54.904341 3 3 3 0 0  
66 0 34 22 7 0 34 56 63 51.78751 61.790089 3 2 2 1 0 1
67 0 1 4 59 0 1 5 64 9.917506 61.201099 4 4 4 0 0  
68 8 1 4 51 8 9 13 64 3.112586 37.112246 1 4 4 -3 0 -3
69 18 3 0 43 18 21 21 64 63.72066 49.738928 4 4 4 0 0  
70 0 7 51 6 0 7 58 64 22.28527 7.7190106 3 3 3 0 0  
71 42 0 0 22 42 42 42 64 16.07655 26.235167 1 1 1 0 0  
72 1 63 0 0 1 64 64 64 40.0375 35.350968 2 2 2 0 0  
73 17 6 3 38 17 23 26 64 20.65326 33.10081 2 4 4 -2 0 -2
74 20 0 0 44 20 20 20 64 50.1678 26.629088 4 4 4 0 0  
75 1 2 4 57 1 3 7 64 6.483626 56.403914 3 4 4 -1 0 -1
76 1 1 61 1 1 2 63 64 35.58639 38.490751 3 3 3 0 0  
77 0 2 0 62 0 2 2 64 46.21218 28.210735 4 4 4 0 0  
78 45 18 1 0 45 63 64 64 13.15902 4.1623257 1 1 1 0 0  
79 0 2 61 1 0 2 63 64 41.56462 0.5286158 3 3 3 0 0  
80 56 0 0 8 56 56 56 64 59.05895 12.836688 4 1 1 3 0 3
81 1 2 6 55 1 3 9 64 58.79069 52.287739 4 1 4 0 -3  
82 0 0 0 64 0 0 0 64 19.74517 43.959168 4 4 4 0 0  
83 4 56 4 0 4 60 64 64 2.62593 47.954073 1 2 2 -1 0 -1
84 63 0 0 1 63 63 63 64 4.453527 29.856919 1 1 1 0 0  
85 0 4 60 0 0 4 64 64 46.7325 63.137786 3 3 3 0 0  
86 60 3 0 1 60 63 63 64 43.39132 25.478643 1 1 1 0 0  
87 0 21 0 43 0 21 21 64 57.84616 10.5982 4 4 4 0 0  
88 53 3 8 0 53 56 64 64 51.26504 28.854157 1 1 1 0 0  
89 57 0 2 5 57 57 59 64 53.07266 9.737155 1 1 1 0 0  
90 6 0 0 58 6 6 6 64 22.31325 61.494184 4 4 4 0 0  
91 30 7 0 26 30 37 37 63 17.12242 9.4597982 1 1 2 -1 -1 0
92 0 3 59 2 0 3 62 64 19.79762 53.35601 3 3 3 0 0  
93 14 46 4 0 14 60 64 64 37.48185 50.896285 2 2 2 0 0  
94 2 0 62 0 2 2 64 64 2.317274 52.830786 3 3 3 0 0  
95 53 1 2 8 53 54 56 64 17.71477 4.9263022 1 1 1 0 0  
96 16 0 0 48 16 16 16 64 53.56684 20.023325 4 4 4 0 0  
97 17 9 34 4 17 26 60 64 35.90586 34.248679 3 3 3 0 0  
98 61 0 3 0 61 61 64 64 61.79131 41.670569 3 1 1 2 0 2
99 0 2 18 44 0 2 20 64 40.10133 13.315574 4 4 4 0 0  

100 13 22 24 5 13 35 59 64 25.41342 39.489658 2 1 1 1 0 1
no. of correct answers 74 93 no. of incorrect 5 21
no. of wrong answers 26 7 exact matches FALSE 0

ratio exact/incor 0.151515



8 www.crystalball.com

Testimony

• However, according to their expert witness’s testimony, he ran a simulation that 
determined the probability of another test taker not only matching on at least 5 
of the same wrong answers, but also achieving a 93 or higher.  It should be 
noted that only 1 student actually had a grade higher than 93.  It was in running 
this simulation that he determined a probability of 14/100,000 of another 
student matching one of the defendants.  Therefore, this unlikely event, and the 
fact that the other individual in question achieved this, led him to his conclusion 
that they must have had advance information.

• To see for ourselves, we added the stipulation of matching on at least 5 of the 
same exact wrong answers as one of the defendants and also achieving at least 
a 93.  The use of 100,000 is probably overkill, but we wanted to match our 
results with theirs.  In fact, when we ran the simulation, we found no one 
achieving such a match.  

• Although this seemed discouraging from our point of view, we noted that 
another student (Student 102) received a 91 on the exam and had exactly 3 
incorrect matches with one of the defendants.   Using the same logic as their 
expert witness used, we ran a simulation to determine the probability of another 
test taker receiving at least a 91 and having at least 3 exact matching wrong 
answers with the defendant.  The resulting probability is also close to zero as in 
the simulation run by their expert.  However, there was such an individual and 
we could use their expert’s logic that these two individuals must have also had 
advance information and cheated.  Yet there was no reason to believe that this 
was true and no such claim by the prosecution!
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Conclusion

• We believe that this application of simulation to the 
determination of the likelihood of 2 students cheating by 
replicating the taking of an exam thousands of times with 
students similar to the ones at the original sitting is unique.

• As with other statistical techniques, it is a challenge to 
present the technique and its results to laymen sitting on a 
jury (in this case, 3 police officers), but it is much easier to
intuitively explain a simulation and its results as opposed to 
a Bayesian analysis.
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Conclusion (Continued)

• In conclusion, we indicated to the jury our belief that this  
approach used by the prosecution would be valid only in the 
circumstance where students are accused of physically cheating 
during the examination.

• Nevertheless, there are many special purpose algorithms in place
to determine the likelihood of cheating when done in conjunction
with the suspicion of students cheating by, e.g., sitting side by side 
in an exam room.

• The use of simulation has the possibility of replacing many of these 
techniques.

• Unfortunately, the jury found for the prosecution.

• However, on a positive note, in a subsequent appeal in Superior 
Court, the case was overturned and the individual was given back
pay, promoted, and is back at work. ☺


